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The Need for Alternatives

Why not just use logistic regression?

▶ If there is a lot of separation between the classes, logistic regression models are
surprisingly unstable.
▶ (Coefficient estimates can vary significantly given the same data generating process.)

▶ If the distribution of the predictors X is approx. normal and the sample size is
small, these alternatives may be more accurate than logistic regression.

▶ The methods in this section have more natural extensions to three or more classes.



Idea

▶ Model the distribution of the predictors X separately for each response class.
▶ Use Bayes’ theorem to work these into estimates for P(Y = k|X = x).



The Setup
Suppose Y can take on K distinct, unordered values.

▶ Let πk represent the overall probability that a randomly chosen observation comes
from the kth class.
▶ Generally estimated as the proportion of training observations belonging to class k.

▶ Let fk(x) = P(X |Y = k) denote the density function of X for an observation from
the kth class.
▶ So fk(x) should be relatively large if there is a high probability that an observation

from the kth class has X ≈ x .
▶ Then Bayes’ Theorem states

pk(x) = P(Y = k|X = x) = πk fk(x)∑K
l=1 πl fl(x)

▶ This is the posterior probability that an observation belongs to the kth class, given
X = x .

Goal: estimate fk(x) to approximate the Bayes’ classifier pk(x).



4.4.1 Linear Discriminant Analysis for One Predictor

We will classify an observation into the category for which pk(x) = P(Y = k|X = x) is
greatest.

▶ Assume fk(x) is normally distributed (Gaussian):

f (x) = 1√
2πσ2

k

exp
[
−(x − µk)2

2σ2
k

]

where µk and σ2
k are the mean and standard deviation parameters for the kth class.

▶ Also assume σ2
1 = σ2

2 = · · · = σ2
K = σ2 (shared variance term for all classes).



Linear Discriminant Analysis for One Predictor, p = 1

Combining the Bayes’ Theorem set up with these assumptions, we get

pk(x) =
πk√
2πσ2 exp

[
− 1

2σ2 (x − µk)2
]

∑K
l=1

πl√
2πσ2 exp

[
− 1

2σ2 (x − µl)2
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which looks a mess, but it can be shown this is equivalent to assigning the observation
to the class for which

δk(x) = x
(

µk
σ2

)
− µ2

k
2σ2 + log(πk)

is largest.



Linear Discriminant Analysis for One Predictor, p = 1

δk(x) = x
(

µk
σ2

)
− µ2

k
2σ2 + log(πk)

If K = 2 and π1 = π2, this classifier assigns an observation to

▶ class 1 if 2x(µ1 − µ2) > µ1 − µ2.
▶ class 2 otherwise.

The Bayes’ decision boundary is the point for which δ1 = δ2, which in this setting is

x = µ2
1 − µ2

2
2(µ1 − µ2) = µ1 + µ2

2



Example

▶ Consider predictors generated from two normal distributions where µ1 = −1.25,
µ2 = 1.25, and σ1 = σ2 = 1.

▶ Assume an observation is equally likely to come from either class, i.e.,
π1 = π2 = 0.5.

▶ Then the (known) Bayes’ classifier assigns an observation to class 1 if x < 0 and
class 2 otherwise.



Example
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▶ 20 observations drawn from each class.
▶ LDA decision boundary shown as solid vertical line.



Linear Discriminant Analysis for One Predictor, p = 1

In practice, we must estimate µ1, . . . , µK , π1, . . . , πK , and σ.

µ̂k = 1
nk

∑
i :yi =k

xi

σ̂2 = 1
n − K

K∑
k=1

∑
i :yi =k

(xi − µ̂k)2

π̂k = nk
n

Where n is the number of training observations and nk is the number of training
observations in the kth class.

▶ σ̂2 is a weighted average of sample variances across the K classes.



Linear Discriminant Analysis for One Predictor, p = 1

Assign an observation X = x to the class for which

δk(x) = x
(

µ̂k
σ̂2

)
− µ̂2

k
2σ̂2 + log(π̂k)

is largest.



Example: Using Penguin Body Mass to Predict Species

data(penguins, package = "palmerpenguins")
mod1 <- lda(species ~ body_mass_g, penguins)
predval <- predict(mod1)$class
species <- penguins$species[!is.na(penguins$species) & !is.na(penguins$body_mass_g)]
table(predval, species)

## species
## predval Adelie Chinstrap Gentoo
## Adelie 140 64 14
## Chinstrap 0 0 0
## Gentoo 11 4 109

mean(predval == species)

## [1] 0.7280702



4.4.2 Linear Discriminant Analysis for p > 1

We now assume the predictors X = (X1, X2, . . . , Xp) are drawn from a multivariate
normal distribution.

X ∼ N(µ, Σ)

▶ Each individual predictor follows a one-dimensional normal distribution.
▶ The vector µ contains all p means.

▶ Each pair of predictors is allowed to be correlated.
▶ We represent this correlation with a p × p covariance matrix Σ that contains each

variable’s variance and all pairwise covariances.



LDA for p > 1

Assume the observations in the kth class are drawn from a multivariate normal
distribution N(µk , Σ).

▶ µk is a class-specific vector of (p) means.
▶ Σ is the covariance matrix, assumed common to all K classes.

The Bayes classifier assigns an observation X = x to the class for which

δk(x) = xT Σ−1µk − 1
2µT

k Σ−1µk + log πk

where πk is again P(Y = k).



Example: Simulated Data with p = 2

−4 −2 0 2 4

−
4

−
2

0
2

4

−4 −2 0 2 4

−
4

−
2

0
2

4

X1X1

X
2

X
2



LDA in Practice

We estimate the unknown parameters µ1, . . . , µK , π1, . . . , πK , and Σ similar to how we
estimated those used in the one-dimensional case.

The LDA then assigns an observation X = x to the class for which

δ̂k(x) = xT Σ̂−1µ̂k − 1
2 µ̂T

k Σ̂−1µ̂k + log π̂k

is largest.



Example: Predicting Penguin Species

data(penguins, package = "palmerpenguins")
mod1 <- lda(species ~ ., penguins)
predval <- predict(mod1)$class
species <- penguins$species[-unique(which(is.na(penguins), arr.ind=T)[,1])]
table(predval, species)

## species
## predval Adelie Chinstrap Gentoo
## Adelie 145 0 0
## Chinstrap 1 68 0
## Gentoo 0 0 119

mean(predval == species)

## [1] 0.996997



Example: Test and Training Data

▶ The error rate (< 1%) seems very low, but we’re only examining training error rate.
data(penguins, package = "palmerpenguins")
set.seed(1)

# Remove missing data
pens <- penguins[-unique(which(is.na(penguins), arr.ind=T)[,1]),]
# Use 80% of the data as training data
train.ind <- sample(1:nrow(pens), floor(0.8*nrow(pens)), replace=F)
train.pen <- pens[train.ind, ]
# The rest us test data
test.pen <- pens[-train.ind, ]



Example: Test and Training Data

mod2 <- lda(species ~ ., train.pen)
predval <- predict(mod2, test.pen)$class
species <- test.pen$species
table(predval, species)

## species
## predval Adelie Chinstrap Gentoo
## Adelie 31 1 0
## Chinstrap 0 10 0
## Gentoo 0 0 25

mean(predval == species)

## [1] 0.9850746



Example: Default Data

library(ISLR2)
data(Default)
set.seed(1)

train.ind <- sample(1:nrow(Default), floor(0.8*nrow(Default)), replace=F)
def.train <- Default[train.ind,]
def.test <- Default[-train.ind,]

mod3 <- lda(default ~ ., def.train)
predval <- predict(mod3, def.test)$class
actual <- def.test$default
mean(predval==actual)

## [1] 0.9705



Example: Default Data Confusion Matrix

table(predval, actual)

## actual
## predval No Yes
## No 1929 58
## Yes 1 12

▶ Overall error is low (approx 3%).
▶ But, only 3/3% of those in the training data defaulted, so a model that predicted

no default would have a very low overall error rate.
▶ Also, error rate is very high among people who actually defaulted!

▶ The model correctly identified only 17% (12/70) of the people who defaulted.



Error Rates

Why does this happen? Consider the two-class case.

▶ Bayes classifier - which LDA approximates - has lowest overall error rate.
▶ The classifier assigns to the posterior probability which is greatest.
▶ It will assign to default if P(default = Yes|X = x) > 0.5.

▶ But if only 3% of people default, this can be a pretty high threshold to reach!
▶ It is also possible to change these assignments, e.g., assign to default if

P(default = Yes|X = x) > 0.2.
▶ . . . but this will come with a trade off in accuracy of assigning people to not default.



Bayes Theorem

In general, Bayes theorem states

P(A|B) = P(B|A)P(A)
P(B)

▶ Suppose, for example, that π1 = P(A) = 0.01.

Then Bayes theorem looks something like

P(A|B) = P(B|A) × 0.01
P(B)

Getting P(A|B) over 0.5 is going to be difficult in this scenario!



ROC Curves

Receiver Operating Characteristics curves display the relationship between false positive
rate and true positive rate, which vary with different probability thresholds.

▶ Classifier performance over all possible thresholds can be summarized by ROC area
under the curve (AUC).

▶ Ideal ROC curves hug the top left corner.
▶ The true positive rate is referred to as sensitivity.
▶ The false positive rate is 1− specificity.

▶ (I.e., specificity is the true negative rate.)



ROC Curves
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Model Performance and Misclassification



4.4.3 Quadrative Discriminant Analysis
We now assume the predictors X = (X1, X2, . . . , Xp) are drawn from a multivariate
normal distribution.

X ∼ N(µ, Σ)

▶ Each individual predictor follows a one-dimensional normal distribution.
▶ The vector µ contains all p means.

▶ Each pair of predictors is allowed to be correlated.
▶ We represent this correlation with a p × p covariance matrix Σ that contains each

variable’s variance and all pairwise covariances.

QDA vs LDA
▶ Quadratic discriminant analysis is similar to linear discriminant analysis.

▶ We assume predictors from the kth class are of the form

X ∼ N(µk , Σ)

▶ However, QDA allows each class to have its own covariance matrix.
▶ Now, assume predictors from the kth class are of the form

X ∼ N(µk , Σk)

Quadratic Discriminant Analysis
Under this assumption, the Bayes classifier assigns an observation X = x to the class for
which

δk(x) = −1
2(x − µk)T Σ−1

k (x − µk) − 1
2 log |Σk | + log πk

= −1
2xT Σ−1

k x + xT Σ−1
k µk − 1

2µT
k Σ−1

k µk − 1
2 log |Σk | + log πk

is largest.
▶ (Notice that x now appears as a quadratic in the classifier, hence the name.)

QDA vs LDA
Why choose one over the other? The bias-variance trade-off!
▶ LDA requires estimating significantly fewer parameters.

▶ With p parameters, a covariance matrix requires estimating p(p + 1)/2 parameters.
▶ QDA requires estimating K covariance matrices, or Kp(p + 1)/2 parameters.
▶ For 50 predictors, this is some multiple of 1275!

▶ QDA is much more flexible (and so much more variable).
▶ LDA can therefore result in better prediction performance.

▶ LDA has strong assumptions about covariance matrix.
▶ Violated assumption can result in high bias.

QDA vs LDA
When should we choose one over the other?
In general,
▶ Use LDA when there are relatively few training observations (and so reducing

variance is important).
▶ Use QDA if the training set is very large, so that the variance is not a major

concern.
▶ Use QDA if the common covariance matrix assumption is clearly violated.

Example: Default (10,000 observations)

library(ISLR2)
data(Default)
set.seed(1)

train.ind <- sample(1:nrow(Default), floor(0.8*nrow(Default)), replace=F)
def.train <- Default[train.ind,]
def.test <- Default[-train.ind,]

Example: Default
require(MASS)
mod1 <- qda(default ~ ., def.train)
predval <- predict(mod1, def.test)$class
actual <- def.test$default
mean(predval==actual)

## [1] 0.9715
Note: the corresponding LDA classifier had 0.9705

Example: Default Data Confusion Matrix
table(predval, actual)

## actual
## predval No Yes
## No 1929 56
## Yes 1 14
Marginally better than the corresponding LDA classifier.



4.4.4 Naive Bayes
Recall: Bayes’ theorem gives us the expression

pk(x) = P(Y = k|X = x) = πk fk(x)∑K
l=1 πl fl(x)

and we need to estimate π1, . . . , πK and f1(x), . . . fK (x).
Bayes Classifier
▶ In practice, estimating π1, . . . , πK is fairly simple.
▶ Estimating f1(x), . . . fK (x) is relatively more involved.

▶ We can simplify this with strong assumptions about the distribution, e.g., multivariate
normal.

▶ In this case, we need only to estimate the distributions parameters.
▶ Naive Bayes’ takes a different approach.

Naive Bayes
Assumption: within the kth class, the p predictors are independent.
Mathematically, this means we can write

fk(x) = fk1(x1) × fk2(x2) × · · · × fkp(xp)

where fkj is the density function of the jth predictor among observations in the kth class.
▶ Assuming independence means we only have to estimate the K marginal

distributions.
▶ Without independence, we also need to consider the joint distributions, or

associations between the different predictors.
▶ This is OK for multivariate normal (Σk), but can be very complex.

Naive Bayes
How strong is this assumption?
▶ Not very strong compared to assuming all predictors are normal.
▶ Even when it’s violated (and it usually is), it tends to give pretty good results.

▶ Especially true when n is small relative to p.
▶ We need a lot of data to estimate those joint distributions!

▶ Naive Bayes introduces a little bias, but reduces variance.
In practice, Naive Bayes works quite well.

Naive Bayes
Under this assumption,

P(Y = k|X = x) = πk × fk1(x1) × fk2(x2) × · · · × fkp(xp)∑K
l=1 πl × fl1(x1) × fl2(x2) × · · · × flp(xp)

for k = 1, . . . K .

Estimating fkj : Parametric Approach
▶ Assume Xj |Y = k ∼ N(µjk , σ2

jk).
▶ Like QDA, but the class-specific covariance matrices are diagonal.

▶ Assume some other specific distribution for Xj |Y = k.

Estimating fkj : Nonparametric Approach
▶ Use a non-parametric estimate for fjk .

▶ Simple approach: construct histograms for the jth predictor in each class. Estimate
fkj(xj) as the proportion of the training observations in the kth class that belong to
the same histogram bin as xj .

▶ Can also use a kernel density estimator, which is essentially the smoothed version of
the above.

Estimating fkj Qualitative Predictors
▶ If Xj is qualitative, fond the proportion of training observations for the jth predictor

corresponding to each class.
▶ That is, if the jth predictor takes on the value 1 in 50 of 100 times it appears in the

data, estimate
f̂kj(xj) = 0.5 if xj = 1

Example: Default Data
library(ISLR2)
data(Default)
set.seed(1)

train.ind <- sample(1:nrow(Default), floor(0.8*nrow(Default)), replace=F)
def.train <- Default[train.ind,]
def.test <- Default[-train.ind,]

Example: Default
require(e1071)
mod1 <- naiveBayes(default ~ ., def.train)
predval <- predict(mod1, def.test)
actual <- def.test$default
mean(predval==actual)

## [1] 0.972
Note: the corresponding LDA classifier had 0.9705

Example: Default Data Confusion Matrix
table(predval, actual)

## actual
## predval No Yes
## No 1926 52
## Yes 4 18


